This work is an extended version of our study on the Meyer wavelet modulation, published in the conference papers [1, 2] . Compared to [1, 2] , we present here a more complete study covering other wavelet families and analyzing the power amplifier effect on the spectral regrowth.
Introduction
In communications, an important effect of the large amplitude variations of the transmitted multicarrier signal is the weak power efficiency of the power amplifier. This causes intensive energy consumption and growing need for cooling. Our objective is to propose an alternative to the classical multicarrier modulations in order to reduce energy consumption.
Orthogonal frequency division multiplexing (OFDM) is a modulation scheme adopted by various wireline and wireless communication standards as a modulation technique for data transmission. However, the OFDM signal suffers from high power fluctuations. The variations of its envelope generate non-linear distortions when we introduce the OFDM signal into a power amplifier (PA). In order to avoid the compression range of the PA and amplify the signal in the linear domain of the PA characteristic, an input back-off (IBO) is performed at the input of the PA. However, when the input back-off gets larger, power efficiency gets poorer, which induces high energy consumption.
PA energy consumption may represent more than 60% of the energy consumption of the LTE macro base-station transmitter [3] . Reducing the envelope variations, and then improving the amplifier's efficiency, contributes to reducing energy consumption at the level of mobile equipments (batteries that last longer), and at the level of the base stations (energy savings and reduced electricity bill for telecom operators). Therefore, this could help the reduction of CO2 emissions and prevent environmental pollution.
The peak-to-average power (PAPR) is a random variable that has been introduced to measure the power variations of the OFDM signal. Much research has been conducted in order to reduce the PAPR and analyze its probability distribution. In our previous work [4] , we have studied the complementary cumulative distribution function (CCDF) of the PAPR, and we have shown that it depends on the waveform used in the modulation. The PAPR reduction problem can therefore be formulated as an optimization problem. In [5] , we have shown that having a temporal support strictly less than a symbol period is a necessary condition on the waveforms for a better PAPR than OFDM. Since the wavelet basis satisfies this condition, we are interested in exploring wavelet modulation and energy consumption through the evaluation of its PAPR.
In this paper, wavelet modulation is proposed as an alternative modulation with low energy consumption. Power consumption is evaluated through the study of PAPR performance, and compared with that of OFDM. The simulation results show that the proposed scheme for wavelet modulation achieves significant gains in terms of PAPR compared with OFDM, at the cost of affordable increased complexity. A comparison in terms of bit error rate and power spectral density between the OFDM system and the wavelet modulation system is also investigated in this work.
Wavelet modulation
Wavelets have been applied in several wireless communication applications such as data compression, source and channel coding, signal denoising and channel modeling. Moreover, wavelets have been proposed as a modulation basis for multicarrier modulation systems. The resulting system based on wavelet modulation is often named in the literature as Wavelet-OFDM [6] or also known as orthogonal wavelet division multiplexing (OWDM) [7] .
The most common scheme in the literature is wavelet packet modulation (WPM), which is a generalized form of wavelet modulation. WPM has been introduced in the literature by Lindsey [8] , who studied the application of the wavelet packet basis in orthogonal multiplexing of data. In this paper, we have chosen to focus on wavelet modulation for its significant PAPR performance gains, as will be studied in Section 3.
Wavelet basis
Let ψ and φ be two functions ∈ L 2 (R),
and
The norm . of a function g ∈ L 2 (R) is defined as: g 2 = +∞ −∞ |g(t)| 2 dt. ψ and φ can be named the mother wavelet function and the mother scaling function respectively.
Let L be the effective number of scales selected; we define contracted versions ψ j and φ j of the functions ψ and φ, for 
The contracted translated functions ψ j,k and φ j,k have a support of [
we define the wavelet basis as:
where J is the number of scales considered.
Expression of the transmitted signal
Wavelet modulation is a multicarrier modulation system based on the wavelet basis instead of the Fourier basis. The 
The transmitted signal based on wavelet modulation is then defined as follows:
• w j,k : wavelet coefficients located at k-th position from the scale j,
The mother wavelet function and the mother scaling function correspond to j = 0, k = 0. To each scale j corresponds 2 j translated wavelet functions. From one scale to the next, the number of wavelet functions is then multiplied by two.
Variants
Several variants of wavelet modulation can be considered, depending on the number of scales L selected. Since the scaling functions are considered only for the first scale, J − L then defines the number of the scaling functions φ j,k in the modulation system. Note that the position of the functions in Fig. 1 is not a coincidence, but it has an importance, since it gives an idea about the time-frequency localization of the waveforms ( t, f ).
Some wavelets
In this section, we outline some important wavelet families: Meyer wavelets, which allow compact frequency support, and Daubechies wavelets, which are characterized by a compact temporal support. Haar wavelet The Haar wavelet is the oldest and simplest wavelet, and has a closed form expression in the time and frequency domains. The mother Haar wavelet and the mother Haar scaling function are presented in Fig. 2 , and are expressed as follows:
Daubechies wavelets The Daubechies-p wavelets are characterized by a number p of zero moments. They have compact support and therefore are calculated from conjugate mirror filters f l of finite impulse response [9] . In particular, when p is equal to 1, we get the Haar wavelet. Fig. 3 and Fig. 5 display the functions φ and ψ for p = 3 and p = 20: Daubechies-3 (db3) and Daubechies-20 (db20).
Meyer wavelet The Meyer wavelet is a frequency-band-limited orthogonal wavelet, which has been proposed by Yves Meyer in 1985 [10, 11] . Meyer wavelets are indefinitely differentiable orthonormal wavelets, which are well localized and decay from their central peak faster than any inverse polynomial. Dmey is a discrete format approximation of the Meyer wavelet, and it can approximate the Meyer wavelet based on a finite impulse response (FIR) filter, as depicted in Fig. 4 . 3 As a result, the fast wavelet transform can approximate the Meyer wavelet transform, and the discrete wavelet transform (DWT) can be applied.
PAPR performance
A comparison in terms of PAPR performance is presented in Fig. 6 and Fig. 7 for the wavelet modulation variants L = 1 and L = 7 respectively. To evaluate the PAPR performance, the complementary cumulative distribution function (CCDF) of the PAPR is simulated, which is the probability that the PAPR exceeds a defined value γ . The simulation settings consider a number of carriers M = 128 ( J = 7) and the 16-QAM (quadrature amplitude modulation) constellation.
Different wavelets are selected: the Haar wavelet, the Daubechies wavelets 3 and 20, and the Dmey wavelet. The CCDF for different wavelets are shifted to the left compared with that of OFDM. Therefore, wavelet modulation achieves better PAPR performance than OFDM as summarized in Table 1 . In particular, the Haar wavelet reaches the best performance. Intuitively, the PAPR performance gain can be explained by the fact that in wavelet modulation, only L carriers are overlapping in the same instant, which does not promote the addition of the large peak power.
Following the same reason, the L = 1 variant achieves better PAPR performance than the L = 7 variant. When the number of overlapping carriers L gets smaller, the PAPR performance gets then better. This can also be interpreted by the consideration that in every decomposition level, the multicarrier system can be seen as a single carrier system, because the waveforms of the same scale j have the same bandwidth and are only shifted in time. As the single carrier system does not suffer from increased PAPR, the smaller L gets, the less the effect of the PAPR is observed. Thus, we can conclude that the PAPR performance of wavelet modulation depends on the variant considered and the wavelet family selected. Moreover, all the wavelet modulation schemes achieve better PAPR performance than OFDM. In other words, it can be stated that wavelet modulation consumes less energy than the Fourier functions used in the OFDM system.
PSD performance
PSD is a relevant criterion in the evaluation of the spectral efficiency of a modulation scheme. It highlights the main properties of the used bandwidth and the side lobe effects that characterize bandwidth efficiency and adjacent channel interference. In this section, we compare the PSD performance of different wavelet modulation with the OFDM scheme, before and after the power amplifier.
PSD performance comparison
PSDs for different wavelets are displayed in Figs. 8, 9 , 10, and 11 as functions of a normalized frequency, and compared with OFDM. PSD is simulated using Matlab, and estimated via the periodogram method with a rectangular window. Before applying wavelet modulation based on the inverse discrete wavelet transform (IDWT), zero padding by a factor of 4 is performed on the input signal in the frequency domain. The number of carriers considered in the simulations is M = 128 ( J = 7) and the variant used is L = 1. The most striking observation is the properties of PSD Haar wavelet. The width of the main lobe of its PSD is the double of that of OFDM. Moreover, it suffers from very large side lobes. Many applications can not tolerate these poor spectrum characteristics. It is true that Haar can be filtered to reduce the side lobes effect, but this will change the system's performance. Similarly, the Daubechies-3 wavelet shows significantly degraded PSD performance. In contrast, Dmey and Daubechies-20 wavelets achieve almost comparable performance to that of OFDM.
Haar and Daubechies-3 reach the best PAPR performance as discussed in Section 3, and yet, present the poorest spectrum characteristics. The choice of a suitable wavelet is limited by the trade-off between PAPR performance and PSD properties.
Hereafter, Dmey and Daubechies-20 wavelets are selected to be studied and evaluated for further performances. 
Power amplifier effect
In this part, we evaluate the effect of a power amplifier on the PSD properties. We introduce the OFDM signal, the Dmey wavelet modulation signal, and the Daubechies-20 wavelet modulation signal into memoryless power amplifiers based on Saleh's model [12] and Rapp's model [13] . The same simulation parameters of Section 4.1 are considered in this section. The input back-off considered in Saleh's model is 5 dB, while it is fixed at 0 dB for Rapp's model. The relationship between the input and output voltages is usually expressed by the AM/AM function. The AM/PM function characterizes the phase shift between the input and output voltages as a function of the input voltage. The AM/AM and AM/PM functions of Saleh's amplifier model are defined as follows:
where α a = 2.1587 and β a = 1.1517 (α p = 4.0033 and β p = 9.1040, respectively) are used to compute the amplitude gain (the phase change respectively) for an input signal x(t).
The AM/AM function for the Rapp's amplifier model is given by:
where |x(t)| is the magnitude of the input signal, S = 0.5 is the smoothness factor, and O = 1 is the output saturation level.
As depicted in Figs. 12-15, OFDM faces a spectral regrowth compared with the other wavelets, due to its high PAPR. The spectral regrowth is caused by the non-linearity of the amplifier. When a modulated signal with large envelope fluctuations is introduced into the non-linear amplifier, its bandwidth is broadened due to the non-linearities that generate mixing products between the individual frequency components of the spectrum. The spectral regrowth leads to adjacent channel interference.
BER performance
The BER performance of the wavelet modulation and the OFDM systems is evaluated using the parameters illustrated in Table 2 . The achieved performance for other values of L (L ∈ [ [1, 7] ]) is similar to that of the studied case L = 1, with a slight BER degradation in a frequency-selective channel.
AWGN and flat fading channel
In this part, a comparison between the BER of OFDM, the Dmey wavelet and the Daubechies-20 wavelet for AWGN and flat fading channels, is presented in Fig. 16 . Since these are all orthonormal waveform sets, it is only to be expected that the performance of all of them will be the same. The simulations confirm that wavelet modulation is as good as OFDM in terms of BER performance.
Frequency selective channel
In a frequency-selective fading channel, a cyclic prefix is added in the time domain to the transmitted signal based on wavelet modulation, and a frequency domain equalization is performed at the receiver side using either the zero forcing (ZF) equalizer or the minimum mean-square error (MMSE) equalizer as presented in Fig. 18 . For OFDM, ZF equalizer or MMSE equalizer is used after the FFT demodulation.
The extended typical urban (ETU) model for LTE multipath channel standard [14] , defined by the channel delay and the power profile in Table 3 , is used in this section. As depicted in Fig. 17 , wavelet modulation based on the Dmey wavelet and the Daubechies-20 wavelet reaches a gain of 6.5 dB in terms of SNR for a BER of 10 −3 and the 4-QAM constellation, compared with OFDM. For higher constellations (16-QAM) and for low SNR values, the performance of OFDM is comparable to that of wavelet modulation. Starting from SNR = 25 dB, wavelet modulation outperforms OFDM.
It is important to highlight that when using channel coding techniques, the gain in terms of SNR will be less significant and will depend also on the efficiency of the coding technique implemented. We have chosen not to use coding to evaluate only the effect of the modulation scheme on the BER performance. 
Complexity of implementation

Implementation
In order to implement the wavelet modulation system expressed in (8), we apply the Mallat algorithm [9] . For a wavelet modulation signal based on the wavelets of L scales and the scaling functions of the scale J − L, the IDWT( j) should be performed L times. L can be also be interpreted as the number of decomposition levels. Let C n be a vector of M input complex symbols C m,n . The 2 J −L first C m,n symbols correspond to the 2 depends on the application, and is subject to trade-off PAPR and spectral efficiency (Haar vs. Dmey), and to trade-off PAPR and complexity of implementation (Dmey vs. Daubechies-20).
Our future work will be to study a suitable channel coding for wavelets to compare its performance with that of Coded-OFDM under a frequency-selective channel. A less complex equalization as well as pilot insertion methods for wavelet modulation are also open subjects to be investigated.
